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Abstract
An error is pointed out in the paper [J.R. Kang, Y.C. Kwun, J.Y. Park, Controllability of second order dif-
ferential inclusion in Banach spaces, J. Math. Anal. Appl. 285 (2003) 537-550]. By an additional condition
the considered system is controllable.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Controllability; Second order systems; Fixed point theorem
1. Introduction
The problem of controllability of nonlinear systems and integrodifferential systems including
delay systems has been studied by many authors by means of fixed point theorems [1]. In [3] the
authors have considered the following nonlinear second order differential inclusion:
x′′(t) − Ax(t) ∈ F (t, x(t))+ Bu(t), t ∈ I = [0, T ],
x(0) = x0, x′(0) = y0, (1)
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bounded linear operators in a Banach space X, B :X → X is a bounded linear operator from a
Banach space U of admissible control functions into X and the control function u ∈ L2(I ;U),
F : I ×X → 2X is a bounded closed convex multivalued map and x0, y0 ∈ X. They have studied
the following controllability problem. System (1) is said to be controllable on [0, T ] if for every
x0 ∈ D(A) and y0 ∈ E there exists a control u ∈ L2(I ;U) such that the solution x(t) of (1)
satisfies x(T ) = x1 ∈ D(A) and x′(T ) = y1 ∈ E.
The infinitesimal generator of a strongly continuous cosine family C(t), t ∈ R, is the operator
A :X → X defined by
Ax = d
2
dt2
C(t)x
∣∣∣∣
t=0
, x ∈ D(A),
where D(A) = {x ∈ X: C(t)x is twice continuously differentiable in t}. Define E = {x ∈ X:
C(t)x is once continuously differentiable in t} and the associated sine family S(t), t ∈ R, by
S(t)x =
t∫
0
C(s)x ds, x ∈ X, t ∈ R.
In order to establish the controllability result several assumptions are made, but the following
three conditions are important (the assumptions are as in [3]):
(H2) The associated sine family S(t), t > 0, is compact.
(H3) The linear operator G1 :L2(I,U) → X defined by
G1u =
T∫
0
S(T − s)Bu(s) ds
and there exists a bounded inverse operator G−11 :L2(I,U)/kerG1 → X and a positive
constant M1 such that ‖G−11 ‖M1.
(H4) The linear operator G2 :L2(I,U) → X defined by
G2u =
T∫
0
C(T − s)Bu(s) ds
and there exists a bounded inverse operator G−12 :L2(I,U)/kerG2 → X and a positive
constant M2 such that ‖G−12 ‖M2.
2. Controllability result
Theorem 3.1 in [3] was proved by taking the control variable as
ux(t) = 12
{
G−11
(
x1 − C(T )x0 − S(T )y0 −
T∫
0
S(T − s)g(s) ds
)
+ G−12
(
y1 − AS(T )x0 − C(T )y0 −
T∫
C(T − s)g(s) ds
)}
(t), (2)0
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Φ1 :C
1(I,X) → 2C1(I,X) and Φ2 :C(I,X) → 2C(I,X)
as
Φ1x =
{
y ∈ C1(I,X): y(t) = C(t)x0 + S(t)y0 +
t∫
0
S(t − s)Bux(s) ds
+
t∫
0
S(t − s)g(s) ds, g ∈ SF,x
}
, (3)
Φ2x
′ =
{
y ∈ C(I,X): y′(t) = AS(t)x0 + C(t)y0 +
t∫
0
C(t − s)Bux(s) ds
+
t∫
0
C(t − s)g(s) ds, g ∈ SF,x
}
. (4)
The results are established by the application of fixed point theorem for condensing maps due to
Martelli. In [3, p. 543] the authors claimed that “clearly x1 ∈ Φ1x(T ) and y1 ∈ Φ2x′(T )” which
is not true. Substituting the control variable ux(t) given in (2) into the trajectory Φ1x(t) and the
damping term Φ2x′(t) one cannot obtain the desired result. It is possible only with the additional
condition
(H) G1G−12 = G2G−11 = 0
and taking the control as
ux(t) = G−11
(
x1 − C(T )x0 − S(T )y0 −
T∫
0
S(T − s)g(s) ds
)
(t)
+ G−12
(
y1 − AS(T )x0 − C(T )y0 −
T∫
0
C(T − s)g(s) ds
)
(t). (5)
Substituting the control (5) in (3) and using the hypothesis (H), we get
Φ1x(T ) = C(T )x0 + S(T )y0
+
T∫
0
S(T − s)B
[
G−11
(
x1 − C(T )x0 − S(T )y0 −
T∫
0
S(T − τ)g(τ ) dτ
)
(s)
+ G−12
(
y1 − AS(T )x0 − C(T )y0 −
T∫
0
C(T − τ)g(τ ) dτ
)
(s)
]
ds
+
T∫
S(T − s)g(s) ds = x10
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Φ2x
′(T ) = AS(T )x0 + C(T )y0
+
T∫
0
C(T − s)B
[
G−11
(
x1 − C(T )x0 − S(T )y0 −
T∫
0
S(T − τ)g(τ ) dτ
)
(s)
+ G−12
(
y1 − AS(T )x0 − C(T )y0 −
T∫
0
C(T − τ)g(τ ) dτ
)
(s)
]
ds
+
T∫
0
C(T − s)g(s) ds = y1.
Hence the system (1) is controllable provided the operator pair Φ1 and Φ2 has a fixed point. This
can be achieved by applying a standard fixed point theorem (see [3]).
Remark. The compactness assumption of the sine family S(t) in [3] makes the Banach space X
as finite dimensional. Since, if S(t) is compact, then the range of G1 is not equal to X. In fact, it
is well known that in this case the operator G1 is also compact [2]. Hence, by the open mapping
theorem, G1 cannot be surjective. In this case D(G−11 ) =R(G1) = X. If G1 is surjective and
compact then by the application of Baire Category theorem X is finite dimensional [5]. Further,
if the cosine family C(t) is compact then similar argument hold for G2 and also by a result
in [4], the space X is finite dimensional. Hence the result of [3] is true only for finite dimensional
Banach spaces.
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